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ABSTRACT
In the dispersive approach of Dokshitzer, Marchesini and Web-
ber, standard power-behaved contributions of infrared origin are de-
scribed with the notion of an infrared regular QCD coupling. I
argue that their framework suggests the existence of non-standard
contributions, arising from short distances (hence unrelated to renor-
malons and the operator product expansion), which appear in the
process of removing the Landau singularity of the perturbative cou-
pling. A natural denition of an infrared nite perturbative coupling
is suggested within the dispersive method. Implications for the tau
hadronic width and the lattice determination of the gluon conden-
sate, where O(1=Q2) contributions can be generated, are pointed
out.
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1. Introduction
The study of power corrections in QCD has been the subject of active investiga-
tions in recent years. Their importance for a precise determination of s has been
recognized, and various techniques (renormalons [1], nite gluon mass [2-6], dispersive
approach [7] ) have been devised to cope with situations where the standard operator
product expansion (OPE) does not apply. Standard power-behaved contributions in
QCD arise from non-perturbative eects at low scale, reflecting the non-trivial vac-
uum structure. In this paper, I concentrate on the dispersive approach [7], based
on the notion of an infrared (IR) regular [8] (see also [9]) QCD coupling, where a
non-perturbative contribution to the coupling, essentially restricted to low scales,
parametrizes the power corrections. I point out that within this framework, it is very
natural to expect the existence of new type of power contributions of ultraviolet (UV)
origin, hence not controlled by the OPE, related to the removal of the IR Landau
singularity presumably present in the perturbative part of the coupling. After a brief
review of the dispersive approach (section 2), a simple \dispersive" method [10-13]
(see also [14]) of removing the Landau singularity is suggested in section 3 as a conve-
nient denition of a \ regularized" perturbative coupling; the full IR regular coupling
is then obtained as the sum of the \ regularized perturbative coupling" and of the
\genuine" non-perturbative piece . The former diers from the perturbative coupling
by power corrections which are computed in section 4 and 5 using Borel transform
techniques. In sharp contrast to the genuine non perturbative part of the coupling,
these corrections are not restricted to low energy , and can thus induce \perturba-
tive" power contributions of ultraviolet origin in Euclidean observables, considered in
section 6.1 . The \non-perturbative" part of the power corrections, induced by the
corresponding piece of the coupling, is discussed in section 6.2, and the framework of
[7] is extended in a straightforward way by relaxing the assumption that this piece
is conned to the IR region. Section 7 deals with Minkowskian observables . As a
sample of applications, I discuss briefly in section 8 inclusive  -decay, and the gluon
condensate on the lattice. A critical assessment and concluding remarks are given in
section 9. Some more technical issues are developped in two appendices. In particu-
lar, in Appendix A the stability [12] against higher order corrections of the value of
the IR xed point of the \ dispersively regularized" perturbative coupling is proved
within some restrictions.
2. Dispersive approach to power corrections
Consider the contribution to an Euclidean (quark dominated) observable aris-
ing from dressed single gluon virtual exchange, which takes the generic form (after
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fs [−(2 + i)] − s [−(2 − i)]g is the
time like \spectral density", and the\eective coupling" eff (












For small s, eff(
2) = s(
2) +O(3s). Eq.(2.2) guarantees the absence of Landau
singularity in the whole rst sheet of the complex k2 plane. The coupling s(k
2)
might be understood as a universal \physical" QCD coupling (not to be confused
with e.g. the MS coupling), an analogue of the Gell-Mann - Low QED eective
charge , hopefully dened through an extension to QCD of the QED \ dressed skeleton
expansion" [15,16]: such a program, which would give a rm eld theoretical basis to
the \naive non-abelization" procedure [17,6,18] familiar in renormalons calculations,
has been initiated in [19] (a dierent ansatz is however suggested in [7]). In the \large
0" limit of QCD, as implemented through the \naive non-abelization" procedure ,
s(k
2) then coincides with the V-scheme coupling [15] ( but diers [19] from it at
nite 0).










































and _F  −dF=d ln2. Eq.(2.6) shows that the \characteristic function" is just
the O(s) Feynman diagram computed with a nite gluon mass 2 [4,6], and that





(also called \distribution function" in [18]) is
proportionnal to the time-like discontinuity of F .
The authors of [7] moreover suggest that s(k
2) comprises both a \perturbative"
and a \non-perturbative" part:
s(k
2) = \PTs (k





2)" + NPeff (
2) (2:8)
(the meaning of the quotes \ " is claried below) where it is assumed that each term



































The crucial further assumption of [7] is that the \non-perturbative" contribution
NPs (k
2), which reflects connement physics, is essentially restricted to the IR do-
main (in accordance with the OPE ideology of [20]), in order to comply with the
requirement that no power correction inconsistent with the ones expected from the
OPE arises from the UV behavior of NPs (k
2) .
In fact, the precise meaning of \PTs (k
2)" was left open in [7]. It is one of the main
purpose of this paper to ll up this gap . Let us rst note that both \PTs (k
2)" and
\PTeff(
2)" should be IR regular: the former from the very assumption it satises the
dispersion relation, and thus cannot have any Landau singularity, the latter because
any singularity at nite 2 (the dispersive variable) will make the dispersion relation
and its output \PTs (k
2)" (hence NPs (k
2)) ill-dened . It follows that none of them
can be given by such a simple form as (e.g.) the one-loop coupling. Nevertheless a
simple and attractive ansatz exists. I shall assume that PTs (k
2) (dened by a Borel
sum , see eq.(4.1) below) has no non-trivial IR xed point, but instead develops a
Landau singularity on the space-like axis . Thus PTs (k
2) cannot satisfy the dispersion
relation eq.(2.2), and the Landau singularity has to be removed by hand . This means







which diers from the (Borel-summed) PTs by \perturbative" power corrections 
PT
s
which remove the singularity . Upon insertion into eq.(2.1), PTs;reg generates a \regu-














which, as we sall see in section 6, contributes new, \perturbative" type of power
corrections . One can therefore write s as:
s = 
PT
s + s (2:13)







We shall see that, contrary to NPs , 
PT
s is in general not restricted to low k
2,
and thus s ’ PTs  
NP
s at large k
2. Within these assumptions (which shall
be relaxed in section 6.2), the determination of PTs;reg and 
PT
s becomes a physical
question, rather then a matter of convention involved in the split eq.(2.14) between



































A simple ansatz for PTs;reg is illustrated by the following example, which contains
the essential ingredients of the general argument (and is also relevant to \large 0"
QCD ). Consider the \minimal regularization" of the one loop coupling , obtained by













2) + PTs (k
2) (3:1)
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(0 > 0). The resulting 
PT
s;reg(k
2) is analytic in the complex k2 plane , with a cut on
the negative k2 axis (the time-like region in our notation), and satises the dispersion
relation eq.(2.2). The simple, but crucial observation which makes the above model
interesting is that the corresponding time-like discontinuity is entirely given by that
of the one loop coupling:
PTreg(










One notices that PT (
2) is continuous, nite and negative in the whole range
0 < 2 <1 of the dispersive variable, and vanishes both for 2 !1 and 2 ! 0 . It




eff  0) and is obtained



































(0 < 2 < 2) (3:3b)
(this coupling was introduced previously in [6] (see also [13]) with a somewhat dierent
motivation) . The \eective coupling" PTeff (










It therefore increases from 0 to the IR xed point value 1=0 as 
2 is decreased from
1 to 0. The corresponding dispersively generated PTs;reg(k
2) diers from the one-loop
coupling PTs (k
2) by power corrections (see eq.(3.1)), and approaches also 1=0 as
k2 ! 0. There is thus non-commutativity of resummation (of e.g. the series obtained
when PTeff (
2) is expanded in powers PTs (k
2)) and integration under the dispersive
integral eq.(2.2b), reflecting the non-trivial IR xed point of PTeff (
2): this is an
example of the general phenomenon discussed in [23,24].
The features observed for the one loop coupling, namely, negative denite PT (
2) ,
vanishing of PT (
2 = 0) , and IR nitness of PTeff (
2) are likely to remain true at any
number of loops. Indeed, it seems reasonnable to assume that the only singularity of
PTs (k
2) on the rst sheet of the cut complex k2 plane is the space-like Landau singu-
larity, and in particular that PTs (k
2), hence its discontinuity PT (
2), remain nite
on the time-like axis. If there is no time-like singularity ( and no non-perturbative
thresholds are expected in the perturbative part of the coupling), the discontinuity
should be continuous for 0 < 2 <1 and cannot change sign without going through
6
real values of PTs . But real values are in general not compatible with the constant
i imaginary part acquired by ln k2 upon analytic continuation from the space-like

















+  ln as (3:6)
with as = s=(1+s) and  = 1=0. One nds, upon going to the time-like region ,





where I assumed  > 0 ( the sign is appropriate for RG trajectories in the domain of
attraction of the trivial UV xed point). It is clear that sin  can vanish (hence Im s
can change sign) at nite 2 only in the special cases where n = −0 (n positive
integer), which are excluded anyway since  > 0. Assuming the discontinuity indeed
does not change sign, asymptotic freedom x it to be negative . Furthermore, if one
assumes that PTs (k
2) approaches the trivial IR xed point for k2 ! 0, i.e. that
PTs (k
2 = 0) = 0, then PTeff (















02) + PTeff jIR (3:8b)
where:
PTeff jIR  
PT
eff (







and the integrals converge at 2 = 0 since PT vanishes there.
















i.e. take PTeff  0 in eq.(2.15). Although this suggestion is new in the present con-
text, I realized while writing this article that the resulting \dispersive regularization"
of the Landau singularity has actually been proposed [10,11] almost 40 years ago in
QED, and has been revived recently in QCD [12,13]. Since PTeff(
2) has a non-trivial
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IR xed-point, PTs;reg(k
2) diers [23,24] from PTs (k
2) by an innite set of \dispersively
generated" power corrections PTs (k
2), of perturbative origin, which remove the Lan-
dau singularity. It also follows from eq.(3.9)-(3.10) that PTs;reg(k
2 = 0) = PTeff jIR .
For a more general example then the one-loop coupling, assume the Landau sin-
gularity is a cut starting in the space-like region at k2 = 2, and there is no further










Splitting-o the space-like discontinuity from −2 to 0 one immediately gets eq.(2.11)

































Furthermore , if one assumes that PTs (k
2 = 0) vanishes, we have (setting k2 = 0 in
eq.(3.12)):
PTs;reg(k
2 = 0) = PTs (k













2)  PTeff jIR (3:15)
4. Borel transform techniques
A more specic method to obtain the \perturbative power corrections" PTs (k
2)













2 > 2) (4:1)
where it is convenient to choose  as the Landau singularity of PTs . The \RS
invariant Borel transform" ~s(z) is simply related to the ordinary transform (and
8
coincides with the latter in the \’t Hooft scheme" (eq.(3.5)) if 1 = 0); for the one-
loop coupling, ~s(z)  1. In this section, I assume ~s(z) has no IR renormalons
singularities, so that eq.(4.1) denes unambiguously PTs (k
2) for k2 > 2. Taking the





























2 > 2) (4:4)











Eq.(4.5) is just the relation between the \modied Borel transforms" of absorptive
and dispersive parts rst obtained in [27]. The oscillations of the sin(0z) factor in
eq.(4.5) account for the absence of Landau singularity of PTeff(
2) (despite its presence
in PTs (k
2)). For instance in the case of the one-loop coupling where ~s(z)  1 ,
eq.(4.4) and (4.5)) reproduce eq.(3.3a). Note the alternative ansatz ~eff(z)  1,
i.e. assuming PTeff(
2) itself is the one-loop coupling (hence singular at 2 = 2),
cannot give a consistent answer upon insertion into the dispersion relation (and




IR regular explains [23,24] that the right hand side of eq.(3.10b) may dier from
its Borel sum PTs by power corrections, and also that ~s(z) has no IR renormalons
generated by the low energy part of the dispersive integral in eq.(3.10b) (which would
reflect the ambiguity of integrating over an IR singular PTeff ).
An alternative way to derive eq.(4.5) starts from eq.(3.10b), where one freely replaces
PTeff(
2) by its Borel representation eq.(4.4) inside the dispersive integral (although
this is not justied for 2 < 2!). Interchanging the order of the z and 2 integrations
yields PTs (k
2) ( not PTs;reg(k
2)!) as in eq.(4.1) , with:

















To derive the power corrections in PTs it is convenient (although not absolutely















The second integral contributes only to the Borel sum eq.(4.1), and not to the power
corrections , since one can use the Borel representation of PTeff (eq.(4.4)) there (taking
k2 > 2). On the other hand, expanding the dispersive kernel in the rst integral in



























2)’s are standard IR renormalons integrals. If the coupling PTeff(
2) has
a non-trivial IR xed point, they dier [23,24] from their corresponding Borel sums
IPTn (k














































































To derive these results (see also section 7.1) one splits the integral in eq.(4.9) at





, whereas in the high energy integral,









Adding the two pieces yields eq.(4.12). Note that, provided ~s(z) has no renormalons,
so does ~In(z), since the zeroes of ~eff(z) (eq.(4.5)) sit precisely at the would-be
renormalons positions when n is an integer. Consequently, the power correction in
eq.(4.12) and the constants bPTn are real and unambiguous, but nevertheless In(k
2)
diers from its well dened Borel sum IPTn (k
2) : this is an example of the phenomenon
pointed out in [24]. Since the power corrections in PTs;reg(k
2) are given by those in the
In(k
2)’s, one recovers eq.(3.13) from eq.(4.8).
It is instructive to rederive the result eq.(3.1) for the regularized one-loop coupling
with the above method. In this case, not only IPTn , but also the constants In and b
PT
n
can be computed from the Borel transform ~eff (z) =
sin(0z)
0z
, since PTs (k
2) satises











~s(z) (0 < k
2 < 2) (4:16)











~(z) (0 < 2 < 2) (4:17)
with ~(z) = − 1

sin(0z). From eq.(3.8b) one deduces:
PTeff(










(0 < 2 < 2)








Inserting eq.(4.18) into eq.(4.14) , one gets:
In = 
PT























which, upon substitution into eq.(3.13) yields:
PTs (k









































which gives, since PTeff jIR =
1
0
(the latter value is actually universal [12] and holds





A similar method could be applied to the two-loop coupling, where [25]:




Here one should take into account the fact that ~s(z) is complex for z < 0, since the
Landau singularity is a cut rather then a pole in this case.
Infrared xed point case: No \regularization" is needed if one assumes that the
Borel-summed PTs (k
2) satises by itself the dispersion relation eq.(2.2). A simple
example of such a coupling, relevant to the \small 0"limit of QCD [28], is provided
by the two loop beta function (eq.(3.5)) with 1
0




. As noted by Uraltsev [29], for large 0, more precisely if 1 < 0 but
1
0
+ 0 > 0, there are complex Landau singularities, which move to the second sheet
when 0 is decreased and
1
0
+ 0 < 0. In the latter case ( barring further nite
singularities ) PTs;reg  
PT




5. Renormalons in ~s(z)
Up to now, I assumed that ~s(z) has no renormalons. In reality , this is likely
not to be the case, since s is a physical coupling analoguous to the Gell-Mann Low
eective charge in QED, which probably does have renormalons. The general idea of
constructing the regularized perturbative coupling through a dispersion relation from
the discontinuity of the perturbative coupling still applies, but there are conceptual
aIf however ~s(z) has renormalons (see next section), 
PT
s (dened by a Borel sum) can of course
never satisfy eq.(2.2).
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as well as technical complications, since in this case even the latter cannot be dened
by a Borel sum as in eq.(4.2) without additionnal prescription. I shall limit myself to
the following simple example: assume the \physical" QCD coupling PTs (k
2) (I use a
superscript \bar" to avoid confusion with the \t’Hooft coupling" below) is given by















2) is the \t’Hooft coupling" of eq.(3.5). It has been shown in [23] that
PTs (k



















with  = 1
0
zn. Note that the standard Borel transform singularity at z = zn is a cut
[30] if 1 6= 0. It follows from [27] that the corresponding modied, \RS invariant"
Borel transform ~s(z) has a simple pole singularity at z = zn. For instance, if











, which coincides with the
one-loop ~In(z) ( see eq.(4.11)). The latter fact is not accidental, as one can show
[18] (see section 7) that the time-like discontinuity of PTs (k
2) in eq.(5.1) (properly
extended (section 7) to the complex k2 plane) is given by the analoguous integral





























(where PT and 
PT
eff are the corresponding quantities for 
PT
s ). Eq.(5.4) shows that
PTeff;reg(
2) coincides with In(k
2 = 2) (eq.(4.9)), and diers from the corresponding









~eff (z) by a power correction, as we
have seen in section 4. One can also show (section 7) that the PTs;reg(k
2) following































(which displays a certain \self-consistency" of the procedure).
6. \Perturbative" and \non-perturbative"power corrections
Upon insertion of eq.(2.13), the representation eq.(2.1) for the Euclidean observ-
able D(Q2) , can be split, as we have seen, into a \regularized perturbation theory"
























2) + DNP (Q
2) (6:1)
Each of these contributions, which I consider in turn, generates power corrections .
6.1. \Perturbative" power corrections
The \regularized perturbation theory" piece DPTreg may be decomposed, following
eq.(2.11), as:
DPTreg(Q
2) = DPT (Q































2) has no non-trivial IR xed point, and satises for small enough
k2 the z < 0 Borel representation eq.(4.16), DPT (Q
2) can be identied [23] to the






























Eq.(6.5) is obtained in practice by freely using the k2 > 2 Borel representation
of PTs (k
2) (eq.(4.1)) in eq.(6.3), and permutting the k2 and z integrations. (This
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procedure can be justied [23] by splitting the integral in eq.(6.3) at k2 = Q2. The
k2 > Q2 piece poses no problem. The k2 < Q2 piece is dened by analytic continuation
from the low Q2 region, where one can use the z < 0 Borel representation eq.(4.16)
of the coupling to derive a z < 0 Borel representation ).
DPTreg(Q
2) diers from the Borel sum DPT (Q
2) by \perturbative" power corrections
DPT (Q
2). These corrections are expected, the presence of the Landau singularity
of PTs (k
2) in the integration range making DPT ill-dened (an ambiguity reflected
in the usual way through the presence of IR renormalons at z = zn > 0 in ~D(z)),




moderately suppressed at high k2, i.e. most likely (eq.(3.13)) PTs (k
2) = O(2=k2)
for k2  2. Consequently, DPT (Q2) will also get (apart from the ambiguous IR
contributions which must be present to cancell the IR renormalons ambiguities in
DPT ) additionnal unambiguous contributions originating from the UV region , hence






































is a number, and I used the asymptotic expansion eq.(3.13) of PTs (k
2) (throughout
this section, I also assume PTs has no renormalons, so that the b
PT
i ’s themselves are
real and unambiguous).














i)Assume rst n is an integer. One proceeds by disentangling [30-32] long from short
distances and split [18] the integral in eq.(6.8) at the arbitrary IR scale 2I = c
2


























 DPTld + D
PT
sd (6:9)
The \long distance" part DPTld contributes the (ambiguous) power correction:
DPTld (Q
























This \IR" power correction cancells the zn = n=0 IR renormalon ambiguity present
in DPT , and is best combined with the similar contribution to DPT from the same



















































Eq.(6.13) may be easily obtained by substituting eq.(3.13) into the second integral in
eq.(6.9) . I give a more general derivation, where it is not necessary to assume that
the expansion eq.(3.13) is valid down to k2 = 2I . It is convenient to separate the rst



































































































































































































































where the constant DPTn is independant of the arbitrary IR scale I , but complex
and ambiguous - thus cancelling the IR renormalon ambiguity arising from a simple
pole at z = zn in ~D(z) , and cannot be computed straightforwardly (apart from its
imaginary part, see Appendix A) from the asymptotic expansion eq.(3.13).
Furthermore, DPT (Q
2) for a general observable as in eq.(2.1) may be easily obtained
from eq.(6.6) and (6.20) , splitting the integral in eq.(6.1) at k2 = Q2, and expanding












































depends only on the ’ kernel.
















































where EPTn and F
PT
n are complex and ambiguous (they cancell the IR renormalon
ambiguity arising from a double pole in ~D(z)).
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iii)Non-integer n: in such a case it is no more necessary to introduce an intermediate
scale I , and log-enhanced terms are absent. Specically, suppose 0 < n < 1. Then,










































where KPTn is again a complex, ambiguous constant corresponding to a simple IR












2)  KPTn (
2
I =1) (6:27)
As an application of the above results, one can derive the \perturbative" power





























































i.e. the once subtracted dispersion relation eq.(6.30) for the characteristic function
may be seen as a peculiar case of the formula eq.(6.4) for DPT (Q
2), with the substi-








(which imply bPTp ! (−1)
p+1 in eq.(3.13)).




























where the constant ~dn can be computed explicitly. If 0 < n < 1, one gets instead
























































) , which explains the connection [4,6] between non-analytic
terms in the characteristic function and IR renormalons. However these non-analytic
terms are not quite of IR origin, since they arise from the analogue in eq.(6.30) of
the DPTsd piece of eq.(6.9), and not from (the analogue of) D
PT
ld : they correspond
to an UV enhancement (letting Q2 !1 in eq.(6.9)) rather than to an IR one. More
generally, the leading log terms in F( 
2
Q2
) and DPT (Q
2), and in particular the analytic
terms if there are no log (which implies, barring cases where bPTn = 0 (see below), the
vanishing of the corresponding coecient cn) are unambiguous and of short distance
origin (see eq.(6.22), (6.25) and (6.31)). Comparing eq.(6.22) and (6.31) show they
are simply related by a bPTn factor. On the other hand, the sub-leading log terms (in
particular the constant terms associated to a log) are ambiguous and of (partially)
IR origin. It is actually not possible, without reintroducing an arbitray IR cut-o
I , to disentangle unambiguously terms of IR and UV origin within the sub-leading
log terms of eq.(6.22) and (6.31) (the exception to the previous statement is the case
n 6= integer, where no IR cut-o I needs to be introduced, see eq.(6.26)). Thus,
for n integer, non-analytic terms are \related to", but do not really arise from, long
distances (this is also apparent from the fact that their coecient is proportionnal
(eq.(6.22)) to the product cnb
PT
n of a long distance  a short distance parameter).
The previous remarks suggest a simple generalization of eq.(6.29) to an arbitrary
coupling: assume the leading term is in eq.(6.22) is an O ((2=Q2)n) power correction
entirely of short distance origin, i.e. that ci = 0 for i < n and ’ is O ((k2=Q2)n) at
small k2. Then :
DPT (Q






Q2  2 (6:34)
while eq.(6.31) shows that the leading small 2 behavior of F( 
2
Q2











2  Q2 (6:35)






In the complementary case where a peculiar bPTn vanishes while cn 6= 0, it is not
necessary any more to introduce an IR cut-o I , since all integrals in eq.(6.15) are
separately IR convergent. Setting I = 0 ( with D(Q




























where the last integral is an IR O ((1=Q2)n) power correction (with all other contri-




), and is actually crucial to reproduce the IR power correction in DPT (Q
2)
(see section 7, where a more general derivation of these results, which relies directly
on the representation eq.(2.17) and does not assume the dispersion relation eq.(6.30),
is given).
6.2. Non-perturbative power corrections
In [7], a condition of suciently fast UV damping (i.e. of an exponential or
at least of a rather high power suppression at large k2) was imposed on the \non-
perturbative" modication NPs (k
2) . The assumption that NPs (k
2) is essentially
restricted to low k2 was motivated by the ideology of \soft connement" of [20],
who put forward the idea of gluon condensation as an essentially IR phenomenon,
which could be described entirely within the OPE . However there is no fundamental
reason, as is by now widely appreciated, that all power contributions should be of
IR origin, and in fact the dispersive framework strongly suggests the existence of
power contributions arising from short distances, as examplied in section 6.1 through
the simplest dispersive regularization procedure. For the sake of generality, I shall
therefore relax this assumption . The split eq.(2.14) of s into \perturbative" and
\non-perturbative" components now becomes a matter of convention, since one can
no more argue as in section 2 that s ’ PTs at large k
2. I however still assume that
NPeff (
2) itself is exponentially suppressed at large 2, in order to be able to expand
under the integral in eq.(2.9): this is a rather strong restriction, but represents a













































It is clear that all results of section 6.1 also apply to DNP (Q














if one substitutes PTs (k
2) with NPs (k
2) or s(k
2), and bPTn with b
NP
n or bn (of
course for NPs all subleading logs constants are also unambiguous). In particular,
the conclusion of section 6.1 that it is not possible in general to disentangle in an
unambiguous way for n integer the power corrections of IR origin from those which
arise from short distances is also valid here.
The present general framework is still compatible with the assumption [7,20] that
NPs (k
2) (or even the total s(k
2)) is restricted to low k2, but this question has to
be decided by tting the data, rather then imposed a priori . For instance, if one







, i.e. that bNPp = 0 for 1  p  n, then one
























































i.e. in this example the leading power correction is indeed of IR origin and controlled
by the OPE . Imposing similarly that NPs (k
2) be exponentially suppressed , i.e.
that bNPn = 0 for all n’s, leads to the large Q














All non-perturbative power corrections, arising essentially from the infrared, are then
in one to one correspondence with a term cn in the low energy expansion of the Feyn-
man diagram kernel, hence [30-32] with a related operator in the OPE . Alternatively,
one could impose that the total s(k
2) be exponentially suppressed, by requiring that
bNPn = −b
PT
n for all n’s (given the b
PT
n ’s, a theorem [33] guarantees there is an inn-
ity of solutions NPeff (
2) for the resulting moment problem following from eq.(6.38);
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for instance (see [34] for a related suggestion), these constraints may be fullled by
expressing NPs (k
2) as an (eventually innite) sum of time-like poles). Nevertheless,
all such restrictions have no fundamental basis, barring the (arbitrary) requirement
that only those power corrections to the Borel sum which are controlled by the OPE
should be present.
7. Minkowskian observables
For Euclidean observables, the alternative representation in term of the character-
istic function (eq.(2.5 b), (2.10 b) and (2.17)), although technically convenient, is not
really indispensable. The situation is dierent for Minkowskian observables R(Q2)
(such as cross sections or inclusive decay rates), for which the representation eq.(2.1)
















) 2 > Q2
(7:1)
(where F(−) is the sum of a real and a virtual contribution, while F(+) contains only the
virtual contribution), and thus cannot satisfy the dispersion relation eq.(2.6). Then
R and RNP are given directly by eq.(2.5 b) (respectively (2.10 b)) (with D! R and























where PTeff is obtained from the discontinuity of the (Borel summed) 
PT
s as explained
in section 4 (I assume ~s(z) has no renormalons), and is IR nite .
Let us derive eq.(7.2)-(7.3) in the peculiar case where R(Q2) is related to the time-














2)  − 1
2i
DiscfD(−Q2)g (Q2 > 0) is the time-like \spectral density"
of D(Q2). On the other hand , if D(Q2) satises the representation eq.(2.1) , the
corresponding D(Q















Eq.(7.6) follows [18] by performing the change of variable x = k2=Q2 in eq.(2.1), and





















A similar argument applied to DPTreg(Q


















































I complete the argument and show that : i) RPTreg(Q
2) in eq.(7.10) has the correct
perturbative expansion and Borel transform expected from eq.(7.4) and ii) DPTreg(Q
2)
in eq.(2.12) or (2.17) is related to RPTreg(Q
2) by the dispersion relation eq.(7.4).


















with (an analogue of eq.(6.5b)):


















Eq.(7.14)-(7.15) are obtained [23] by freely substituting PTeff by its Borel represen-
tation eq.(4.4) into eq.(7.10), and permutting the orders of integration. In this case
however, because PTeff has a non-trivial IR xed point, R
PT
reg diers [23,24], as we
shall see below, from its Borel sum RPT (in sharp contrast with DPT in eq.(6.3)).
Eq.(7.15), together with eq.(4.6) and (6.5b), reproduce eq.(7.13).
ii) Substituting R in the dispersion relation eq.(7.4) with RPTreg (eq.(7.10)), one nds,


















































has been performed in the second step.
Eq.(7.17) indeed agrees with the expected relation for _F obtained by taking the 2-
derivative of eq.(2.6), and shows that eq.(7.16) reproduces eq.(2.17) , hence eq.(2.12) .
Finally, let us justify eq.(A.1) of Appendix A, i.e. the statement that:
DiscfDPTreg(−Q
2)g = DiscfDPT (−Q
2)g (Q2 > 0)
This result follows immediately by applying to DPT (Q
2) in eq.(6.3) the same ar-
gument [18] which leads to eq.(7.9), and reflects the basic feature of the dispersive
regularization procedure that DiscfPTs;reg(−
2)g  DiscfPTs (−
2)g. However now
there is a caveat, since PTs (k
2) does not satisfy the dispersion relation eq.(2.2). In
particular, it could have complex singularities in the k2 plane (in addition to the stan-
dard space-like Landau singularity ), which would make eq.(7.7) (with s ! PTs )
meaningless at complex Q2, and obstruct the analytic continuation to the time-like
region. The procedure of [18] seems however to be safe if one assumes the absence of
such singularities (as is the case for the one-loop coupling ).
7.1. Perturbative power corrections
From the results of section 6, we know that DPTreg (eq.(2.17)) diers from its Borel
sum DPT . It is therefore natural to expect that also here R
PT
reg diers from the
corresponding Borel sum RPT (eq.7.14) by \perturbative" power corrections RPT .
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To determine them, one can proceed as in section 4 and Appendix A, and split the
























Using the Borel representation of PTeff (eq.(4.4)) , R
PT
> can be written as:
RPT> (Q
2) = RPT (Q
2)−RPT< (Q
2) (7:19)






















2) = RPT (Q











) inside the corresponding integrals of nite support [0;2] in eq.(7.18)
and (7.20) (note that, since 2 < 2 < Q2, RPT (Q
2) depends only on the \low





(with n > 0 in-
teger) in the low-2 expansion of _FR(
2
Q2





(with bPTn given in eq.(4.13) ). The same result holds if n 6= integer, in particular in
the phenomenologically important case n = 1=2 (\1=Q power corrections" [35]). In
the one-loop coupling case, the result eq.(4.25) for bPTn (which contains the necessary
ambiguous imaginary part when n 6= integer) agrees with the Beneke-Braun formula
eq.(6.29) (with F ! F(−), see a general derivation in Appendix B ) . This result is
remarkable, since it does not rely on a dispersion relation for F(−): in particular, for n
integer, such an analytic term may be a \subtraction" term, unrelated to the discon-
















































































is the Borel sum corresponding to Jn. The same techniques applied to the represen-
tation eq.(2.17) of an Euclidean quantity D(Q2) reproduce the results of section 6.1,
with explicit expressions similar to eq.(7.24),(7.25) for the coecients of the sublead-
ing log terms. Note that JPTn , hence
bPTn , are ambiguous, due to the presence of an
IR renormalon (a simple pole) at z = zn in the Borel transform, the simple zero in
~eff(z) only partially cancelling the double pole in the integrand of eq.(7.25). This is
another example of the relation [4,6] between non-analytic terms in the characteristic
function and IR renormalons. This relation too can only be understood if PTeff(
2)
has a non-trivial IR xed point: otherwise, if one assumes e.g. PTeff(
2) is given by
the one-loop coupling (i.e. ~eff (z)  1), one could associate IR renormalons even to




On the other hand, the coecients bPTn of the leading-log parts (and in particular of
the analytic parts if there are no accompanying log) are unambiguous for n integer
(eq.(4.13)) if ~(z) has no renormalon, which suggests (in agreement with the analysis
of section 6.1) they should be associated to short-distances : this point is tricky, since
all power corrections formally originate (see eq.(7.22)) from integration over low 2,
and shows it is misleading to use the eff representations eq.(2.5b) or (7.2) to separate
long from short distances , at the dierence (section 6) of the s - representation
eq.(2.1) .
The above interpretation is reinforced by the following observation: the time-like
discontinuity of the leading log contributions to DPT , which arise (as discussed
in section 6.1) from short distances, are related to the corresponding leading log
contributions to d(RPT )
d lnQ2
by eq.(7.5). For instance, in the case of the Euclidean
quantity D(Q2) of eq.(6.8) with n integer, one gets for the associated (through






(which is entirely short dis-









, whose time-like discontinuity is indeed related to RPT by





















, whose time-like discontinuity is again related to
d(RPT )
d lnQ2 jleading log
by eq.(7.5). The basic reason for these relations is as follows. The












But it is clear that, at least formally, the Borel sum RPT is also related to the Borel
sum DPT by eq.(7.26) and RPT may actually be obtained by substituting D
PT
reg with
DPT of eq.(6.5a) into eq.(7.26), and permutting (as usual) the order of integrations!











which accounts for the above mentionned relations . This argument remains formal
as long as no precise denition of the ( ambiguous) Borel sums DPT and RPT (hence
of DPT and RPT ) is given: the principal part prescription is adequate here, since
the previous argument is valid with itb.
7.2. Non-perturbative power corrections












and are obtained [7] by taking the low 2 expansion of _FR(
2
Q2
) inside the integral (since
NPeff (













































Note that eq.(7.29) has exactly the same structure as the corresponding contribution
to RPT (Q





n ! Again ,
the leading log terms terms with a coecient bNPn (an analytic, integer moment)
should be associated to short distances, while the sub-leading log terms, with a coef-
cient bNPn (a non- analytic moment), are partly long distance. One sees once more
it is not possible, for n integer, to disentangle unambiguously these two type of con-
tributions (which get mixed once one changes the scale  inside the log in eq.(7.29)),
bThis is a dierent prescription that the one which leads to eq.(A.1) and to a vanishing time-
like discontinuity of DPT ; of course, given any prescription for DPT , one can always dene the
corresponding RPT by requiring that it is related to DPT by eq.(7.26), but in general this would
result in dierent prescriptions for the Borel sums DPT and RPT !
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unless cn = 0 or b
NP
n = 0. The exception is again the case n 6= integer, where there
are no logs of UV origin.
The non-perturbative power corrections in R(Q2) may also be derived from those in
the associated Euclidean quantity D(Q2) , since the dispersion relation eq.(7.4) and
its inverse eq.(7.26) hold between DNP (Q
2) and RNP (Q
2) (note it is always possible
to reconstruct a D(Q2) corresponding to a given R(Q2) using the relation eq.(7.12),







2)g (Q2 > 0) (7:31)


















and assume [7] NPs is restricted to low k
2, so that all bNPp ’s vanish for p integer.












































2) (n = integer)
(7:36)














the associated Euclidean quantity is as in eq.(6.8), and one gets (eq.(6.42)) (again





















bNPn (n 6= integer) (7:40)





















2) (n 6= integer)
(7:41)
(eq.(7.41) is valid for 0 < n < 1 even if NPs (k
2) = O(2=k2) at large k2 since the
integral on the left hand side of eq.(7.41) is still UV convergent in this case).
Alternatively, eq.(7.35) and (7.40) may be derived by comparing the two expressions
for DNP (Q
2) obtained from the equivalent representations eq.(2.10a) and (2.10b),
choosing D(Q2 as in eq.(6.8). Eq.(2.10a) yields eq.(7.38) . On the other hand, using
eq.(6.31) and (6.32) for n integer and 0 < n < 1 respectively, one gets from eq.(2.10b):
DNP (Q

















if 0 < n < 1, which reproduce eq.(7.35) and (7.40) upon comparaison with eq.(7.38) .
The relations eq.(7.36) and (7.41) may be useful, since the moments are treated in
[7] as t parameters which constrain the shape of NPeff (
2), hence NPs (k
2), and it
may be easier to nd a t for the latter quantity then for the former (which must be
a complicated oscillating function to satisfy the constraint that its integers moments
bNPn (eq.(6.38)) vanish).
8. Applications
8.1. Hadronic width of the  lepton
It is usually expressed in term of the quantity R , itself related to the total e
+e−
annihilation cross-section into hadrons Re+e− and to the Adler De+e− function by:
R (m
2

































In the dressed single gluon exchange approximation one has (with the parton model
normalization removed):
Re+e−(Q










where Fe+e− has been computed in [6,7,18]. Eq.(8.1) and (8.2) imply:
R (m
2















































which implies a leading 1=m2 power correction
c of UV origin:
R (m
2






According to the discussion of section 7, this term originates directly from the integral
on the circle (eq.(8.1)) of a corresponding leading UV O(1=Q2) term in De+e−(Q
2)
(such a term is present [6] in the large 0 limit in D
PT
e+e−(Q




1 jone− loop = −
1
0
and take:  = V = 2:3MS (this choice of parameters corresponds to the large 0




 ) = 0:32:
R (m
2
 ) ’ −0:063
cWhile this paper was in writing, I learned about the article [37], where the presence of 1=m2 terms
arising from \dispersive regularization" of the coupling is also pointed out. The implementation of
this idea is however very dierent from the present one: there it is applied directly to the \eective
charge" dened by the De+e− function itself. I thank A. Kataev for bringing this reference to my
attention.
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which represents a sizable correction with respect to the (principal-value) Borel sum
estimate [6] (still in the large 0 limit): R (m
2
 )− 1 ’ 0:227 , or to the experimental
value [38] R (m
2
 )− 1 ’ 0:20.
Note also that a corresponding 1=Q2 power correction is absent from Re+e−(Q
2) (for
which the leading power correction (of UV origin) is only O(1=Q4) [7] ).
8.2. Gluon condensate on the lattice
Power corrections of UV origin may be relevant for the lattice determination of
the gluon condensate, since they are likely to aect the so-called \perturbative tail".
To see this, consider the following model [39] for the lattice plaquette W ():





where Q is the UV cuto (of the order of the inverse lattice size) and  the bare
coupling constant. Eq.(8.8) is a peculiar case of eq.(6.8) for n = 2; with the renor-
malized coupling s given by eq.(2.13), one expects the short distance expansion of
W () to involve O(1=Q2) contributions which can screen the \physical", \genuine
non-perturbative" gluon condensate O(1=Q4) contribution. Indeed one gets:
W () = WPT () + W () (8:9)
where Q4WPT () is the Borel sum which denes the quartically divergent \pertur-
bative tail" of eq.(8.8), while ( see eq.(6.20) and Appendix A2):
Q4  W () = b1
2Q2 − (b2 ln
Q2
2




is the subdominant \power correction" term, which involves still quadratic and loga-
rithmic divergences. Eq.(8.10) suggests that, after the ambiguous ibPT2 imaginary
part has been absorbed into the Borel integral , the rst detected correction to the
resulting (principal value regularized) Borel sum of the perturbative tail may be the
b1
2Q2 quadratically divergent term (such a term may even have been detected in
a preliminary analysis [40] of the results of [39], where 8 orders of the perturba-
tive expansion of WPT () have been computed). Furthermore, the UV nite \gluon
condensate" is burried into the constant D2, which contains both \perturbative"
and \non-perturbative" contributions from PTs and 
NP
s respectively (I have set




2 ). It appears however impossible to x this constant in-
dependently of the (arbitrary) choice of the scale  inside the log divergence, and to
separate contributions of IR and UV origin in D2. The condition b2 = 0 (i.e. the
absence of such a divergence) thus appears as a minimal requirement for an unam-
biguous denition of the condensate as a quantity of genuine IR origin. The situation
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here appears even more severe then in the case b2 = 0, where the denition of the con-
densate depends on the (partially arbitrary) [41] denition of the \regularized sum"
(through principal value prescription or else) [21,22] of perturbation theory, and its
extraction from lattice data already faces serious diculties [42].
9. Conclusion
In this paper, I have given arguments to support the existence, within the disper-
sive approach [7], of power corrections, some of them of short distance origin (hence
unrelated to - thus not inconsistent with - the OPE), which appear naturally when
the Landau singularity in the running coupling is removed. For an euclidean observ-
able D(Q2), the situation can be summarized as follows: introducing an IR cut-o




































which represents an example of OPE \a la SVZ" [30-32]. In the short distance part,
I have further split the IR regular coupling s into a\perturbative" and a \power
correction" piece (eq.(2.13)). The long distance part yields, for large Q2, power
corrections, which one can parametrize [8] with the IR regular coupling, and are
consistent with the OPE. The integral over the perturbative coupling in the short
distance part represents a form of \regularized perturbation theory " [21,22] (choosing
the IR cut-o I above the Landau singularity  of 
PT
s ). The last integral in eq.(9.1)
yield at large Q2 the new power corrections of short distance origin discussed in this



































which shows that the (ambiguous) Borel sum of perturbation theory (the rst integral
on the right hand side of eq.(9.2)) receive two types of power corrections at large
Q2: the long distances ones (the second integral), which correspond to the standard
OPE \condensates" contribution [20] (and contain both an ambiguous, \perturbative"
component coming from the PTs piece of s and a \genuine non-perturbative"
component from the NPs piece); and those arising from short distances (the last
integral) . If the short distance power corrections are neglected [8] (i.e. if one assumes
that s(k
2) is essentially a low k2 modication and decreases suciently fast at large
k2), one recovers the standard view (see e.g. [6], [22]) that the rst correction to the
Borel sum is given by the OPE.
Since the PTs piece ( which eliminates the Landau singularity ) is however a priori
not restricted to low k2, it induces \perturbative power corrections" DPT which arise
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both from long distances (where they remove the IR renormalons ambiguities of the
Borel sum) and from short distances. They stand on the same level as radiative cor-
rections, and are best looked upon as part of the \correct" resummation prescription
of perturbation theory, yielding a \regularized perturbation theory " [21,22] which
diers from Borel summation (even barring IR renormalons problems). There is no
contradiction with the OPE, which does not require that all power contributions be
of long distance origin.
The occurence of \non-OPE", \short-distance" power contributions is even more con-
spicuous from the \eff representation" eq.(2.17). Performing an analogue split at




















where eff  PTeff +
NP
eff (both contributions are assumed to be IR regular), and the
NPeff piece has been neglected in the high 
2 integral, since I assume it is exponentially
supressed there. Again, the low 2 integral generates power contributions at large
Q2, which one can parametrize [8] with low 2 moments of the total IR regular
eective coupling eff (after expanding _F ). But it is clear that any term in the
low 2 expansion of _F (either analytic or non-analytic) can a priori contribute a
power correction, whereas only the non-analytic terms are related (section 6) to OPE
and long distances [4,6,7]. It seems articial to eliminate the analytic contributions,
which are associated to short distances [4,6], and require the rst fewd analytic low 2
moments of eff to vanish; furthermore, they certainly cannot vanish if, as is likely,
eff remains positive at low scales ( this requirement looks more plausible, as argued
below, if one postulate it [7] for the NPeff piece only)!
I should stress that the short distance \perturbative power corrections" here discussed
should not be confused with the eective 1=Q2 power correction which represents the
estimate [32,43,44] of the eect of UV renormalons on the remainder of the Borel
sum when the perturbative expansion is trunkated at its minimum term: even if the
Borel summation is performed exactly [36] (using, say, a principal part prescription)
the short distance 1=Q2 power correction in DPT still remains ( moreover they are
also present in observables with an UV cut-o at Q2, such as D(Q2) in eq.(6.8), or
the lattice plaquette (section 8.2), which do not have any UV renormalon!).
The occurence of power corrections to the Borel sum arising from \IR regularized"
couplings has been noted before in [6] (the resulting resummation for Minkowskian
observables has also been considered in [18]) . The point of view put forward here
however departs from the one in [6] , which disfavor the use of IR regular couplings
such as PTs;reg on the ground of the assumption [6,22] that the leading power correction
to the (Borel-summed) perturbation theory should be given by the OPE: as argued
in this paper, the framework of [7], although not in contradiction with the OPE,
dThis condition cannot be imposed [33] on all of them, since they are dened on a nite interval.
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does suggest the opposite assumption as a natural alternative, since the dispersive
regularization [10-13] of the coupling generates \for free" (eq.(2.17)) the \minimal"
power corrections necessary to remove the Landau singularity. Furthermore, there is
then no a priori reason that the genuine \non-perturbative " modication NPs (k
2)
be itself restricted to low k2, i.e. that the bNPn ’s (eq.(6.38)) vanish. The split eq.(2.14)
of s into a \perturbative" and a \non-perturbative " component then becomes to
some extent a matter of convention, and such is the split eq.(6.40) of the total bn.
If one still insists on implementing the notion of \low energy modication " , two
natural options appear. The rst one assumes it should concern only the NPs
part of the coupling; this choice leads to the picture of [7], where bNPn = 0 and
the\genuine" non-perturbative power corrections are always consistent with the OPE,
but where \perturbative" power corrections from PTs foreign to the OPE could
remain. The proper denition of PTs becomes a physical question, rather then a
matter of convention, since s ’ PTs at large k
2 in this case. The alternative
(more articial in my opinion) is to have the total s restricted to low k
2, which
would make the present framework consistent with the standard view as explained
above. This option requires that bNPn = −b
PT
n , so either the condition [7] b
NP
n = 0 has
to be relaxed, or a proper redenition of \PTs " and \
NP
s " has to be found (by
reshuing part of NPs into the new \
PT




n " = 0. Whether
this can be achieved in a unique way at all is not clear. The point of view adopted
here is that such questions should be decided by the data, rather then imposed a
priori, and the bn’s considered as free parameters .
An important qualitative dierence between the \perturbative" and the \non-perturbative"
power corrections, which could help dening a \correct" splitting of s, concerns the
notion of \mismatch"[20] between radiative and power corrections. In many pro-
cesses, it has been (apparently successfully) postulated [20] that the formally leading
O(s) radiative corrections are actually numerically negligible (for Q2 low enough,
but still high enough to have convergence of the short distance expansion in inverse
powers of Q2) compared to the genuine \non-perturbative" power corrections. This
\mismatch" is likely to be absent for the \perturbative" power corrections here con-
sidered, which are presumably of the same size as the radiative corrections. For
instance, in the case of the regularized one-loop coupling eq.(3.1), one nds that for
k2 >






is of comparable size to the rst




! Note also that \mismatch" between radiative




2 (even if PTs (k
2)  NPs (k
2) at large k2), which gives a rough justi-
cation to the simultaneous neglect of radiative and \perturbative" power corrections
implicitly performed in standard QCD sum rules analysis. It would be interesting to
investigate the constraints on NPs necessary to implement the \mismatch".
How unique is the present proposal ? The choice of Borel summation to dene the
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\unregularized" sum of perturbation theory is as a rather natural one [45]. However ,
there is still considerable freedom in the denition of PTs;reg and 
PT
s . For instance, as
an alternative to eq.(3.10), one might consider shopping-o the time-like discontinuity









or even dene PTs;reg(k
2)  PT> (k
2) (eq.(A.21)). The choice PTeff  0 in eq.(2.16)
appears still a very natural one, since one only disturbs in a minimal way the infor-
mation contained in perturbation theory. Of course, as long as it is only a question of
denition, it matters little what one calls \perturbative" and \non-perturbative"; but
the distinction becomes a meaningful one once one starts postulating specic physical
properties (such as \low-energy restriction" or \mismatch") for any of these pieces.
Another possible limitation of the present proposal is the condition of exponential
suppression of eff(
2): this excludes such familiar model as the \Richardson-like"




0 ln (c2 + k2=2)
(9:5)
(c2  1) where the large k2 expansion of s contains logs. Moreover, the possibility
that PTs might itself be aicted by renormalons ambiguities is worrysome, since it
makes the whole scheme more cumbersome, and with a less denite starting point.
Nevertheless, given the generic possibility of power corrections unrelated to the OPE
arising from the idea of a universal IR regular QCD coupling, it would be worthwhile
to develop practical ways to get phenomenological evidence for presence or absence
of such terms.
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A Some results on the dispersively regularized coupling
Assuming PTs (k
2) has no complex singularities, it was shown in section 7 that in the
time-like region (Q2 > 0) DiscfDPTreg(−Q
2)g = DiscfDPT (−Q2)g, which reflects the
basic assumption of the dispersive regularization method that DiscfPTs;reg(−
2)g 
DiscfPTs (−
2)g. This observation, which can equivalently be expressed as:
DiscfDPT (−Q
2)g  0 (Q2 > 0) (A:1)
has two interesting consequences, when applied to the observable of eq.(6.8): i) it
leads to a relation between the bPTn ’s and the IR renormalons residues in ~D(z), and
ii) it implies the universality of the one-loop value of the IR xed point:
PTs;reg(k








has no complex singularities and vanishes for k2 ! 0.
A1 Universality of PTeff jIR













unambiguous in the time-like region (Q2 < 0). Since the imaginary part of KPTn must
cancell the one in DPT (Q
2) generated by the IR renormalon, one deduces that in the











(0 < n < 1) (A:5)
On the other hand, 1

ImDPT (Q
2) is related (for any n) to the IR renormalon residue
Kn of the ordinary Borel transform D(z) (in e.g. the scheme where the inverse 























with [30]  = 1
0
zn, and = is an n-independant constant. Eq.(A.7) follows e.g.
from the relation [27] between ordinary and modied Borel transforms singularities













~Kn = ~s(zn) (A:10)








where the last step follows also from [27] which implies, for n ! 0 (hence zn ! 0),
that K0 = ~K0, hence:
K0 = ~s(z = 0) = 1 (A:12)

















= PTeff jIR (A:13)
where the last equality is a consequence ot the assumption that PTs (k
2 = 0) = 0,
since then PTs (k
2 = 0) = PTeff jIR (eq.(3.15)), and of the observation that the integral
in eq.(A.13) is dominated for n! 0 by the k2 ! 0 region (where it is IR divergent).
Eq.(A.11) and (A.13) prove eq.(A.2). This argument explains and extends to all or-
ders the stability of PTeff jIR with respect to higher order corrections pointed out in [12]
(where a general result has also been announced). Note it is crucial that ~s(z) has no
renormalons, and PTs (k
2) no complex singularities. Otherwise, one could start from
an arbitrary PTeff(




dispersion relation eq.(3.10b). But the resulting ~s(z) would in general have renor-
malons (from eq.(4.6)), and even if this is avoided by having ~eff(z) vanish at z = zn,
it is not guaranteed the resulting PTs (k
2) from eq.(4.1) has no complex singularities,
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or vanishes at k2 = 0! These conditions are in particular satised if PTs (k
2) is the
sum of an arbitrary nite number of two-loop ’t Hooft couplings (eq.(3.5)).
A2 Relation between bPTn and the IR renormalons residues
To prove point i), assume rst n is an integer. Then eq.(A.1) requires similarly







, so that it can be merged with the log to give a contribution:
DPT (Q











unambiguous in the time-like region (Q2 < 0). Since the imaginary part of DPTn must
cancell the one in DPT (Q
2) generated by the IR renormalon, one deduces that in the











which relates bPTn to the z = zn IR renormalon residue of the standard integral
eq.(6.8) through eq.(A.6) (eq.(A.15) also suggests the IR renormalon residue should
vanish if bPTn = 0, so that there should be no discontinuity neither in the space-like
nor in the time-like region). Furthermore, eq.(A.15) is also valid for n 6= integer
(dening a complex bPTn either through eq.(3.14) or eq.(4.13)). This statement follows




bPTn (0 < n < 1) (A:16)
To prove the latter, one can either use eq.(3.12) into eq.(6.27) and compare to eq.(3.14)


















































and uses the Borel representation eq.(4.4) of PTeff(
2) to get:
PT> (k
2) = PTs (k
2)− PT< (k
2) (A:22)









































































































which, together with eq.(4.13), proves eq.(A.16). In deriving eq.(A.25), I have freely
used the Borel representation (eq.(A.19)) of PT< (k
2) inside the integral on the left
hand side of eq.(A.25) down to k2 = 0 (although it is valid, similarly to eq.(4.1), only
for k2 > 2), and permutted the order of k2 and z integrations. This procedure is
similar to the one which gives the \correct" result eq.(6.5) for the integral eq.(6.3)
over PTs (k
2), and its justication [23] is essentially the same: namely PT< (k
2) also
contains a Landau singularity (which cancells (eq.(A.22)) the one in PTs (k
2), since
PT> (k
2) is IR regular).








But assuming PTs (k
2 = 0) vanishes implies (eq.(3.15)) bPT0 = 
PT
eff jIR ( this relation
can also be derived from eq.(4.13) ) , which gives an alternative proof of eq.(A.2).
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B Expressions for power corrections in term of s
Although a Minkowskian quantity R(Q2) cannot be parametrized directly in term of
s through a real integral representation similar to eq.(2.1), it may be interesting to
point out that simple expressions do exist for the power corrections RPT and RNP
themselves in term of PTs and 
NP
s respectively. In the former case, they lead to
an alternative proof of the Beneke-Braun formula [6] .
B1 Perturbative power corrections
The result follows from a comparaison of the similar expressions eq.(7.22) and (A.17)
for RPT and 
PT
s . As noted in section 7, for Q
2 > 2 RPT (Q




), the \low energy" characteristic function (eq.(7.1)). I shall assume the latter
satises a (subtracted) dispersion relation. In general subtractions terms are present,
since there is no constraint on the high 2 behavior of F(−).






















Taking the 2 derivative and inserting the result into the expressions eq.(7.18) and
(7.20) for RPTreg;< and R
PT















whereas, using eq.(A.19) down to k2 = 0 (this is again justied because PT< (k
2)
































































ever no more be interpreted as a Feynman diagram kernel, and neither should the
subtraction terms necessarily be identied to the real contribution, and the dispersive






































































with bPT1 as in eq.(4.13). The subtraction term in the integrand insures convergence








to an arbitrary number of subtractions is clear from eq.(B.4) and (B.8), which are
analogues of eq.(6.4) for Minkowskian observables. Note that non-analytic terms in
the large Q2 expansion of RPT (Q
2) and renormalons come only from the dispersive
integral in eq.(B.5), and are in one-to-one correspondance with terms in the low






iii) Extension to the general case where subtractions away from 2 = 0 are required







































































































































































In the one-loop coupling case, eq.(B.4), (B.8) and (B.12) reproduce again the
Beneke-Braun result eq.(6.29), provided one understands F as being the analytic















Eq.(B.14) follows from the observation (which parallels a similar one in section 6)
that the dispersion relations for F(−)(
2
Q2
)− F(−)(0) (eq.(B.1), (B.5) and (B.9)) may
be seen as peculiar cases of the formulas for RPT (Q
2) (eq.(B.4), (B.8) and (B.12) re-








. Note also the
results of this section are easily extended to the rather general case where F(−)(2=Q2)
can be written as the sum of a function which satises a dispersion relation (hence
has no complex singularities) and a function analytic around the origin - a generalized
\subtraction term" (but which may have complex singularities at nite distance from
the origin).
B2 Non perturbative power corrections
Formulas which allow an explicit connection of RNP with 
NP
s also exist, similar
to those of Appendix B1 for RPT (but valid only at large Q






















the assumed exponential decrease of NPeff (
2) allows to write, up to exponentially


























) satises the twice subtracted dispersion relation at zero 2
























Eq.(B.17) has exactly the same form as eq.(B.8) for RPT (Q
2), with the substitutions
PTs ! 
NP




1 ! A result similar to eq.(B.12), with the same substitu-
tions, also holds if one starts from the dispersion relation eq.(B.9) with a subtraction














holds if only one subtraction at 2 = 0 is necessary (eq.(B.1)). It follows that similar
formulas are also valid for the total power correction R = RPT + RNP , with the











If one now requires NPs (resp. s) be restricted to low k
2, i.e. that bNPn = 0 (resp.
bn = 0), then the subtraction terms in eq.(B.17) vanish, since they are proportionnal
to bNP1 (resp. b1) and one ends up with eq.(B.18) (or a similar result for R) whatever
the subtractions needed for F(−). Comparing eq.(B.16) and (B.18), one gets the






















from which eq.(7.36) and (7.41) may also be derived.
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